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Abstract—Generalized eikonal approximation (GEA) method, used as
an alternative to the rigorous Mie theory in this paper, is introduced for
retrieval of the particle size distribution (PSD) in the independent model.
To compute the extinction efficiency accurately, the combination of GEA
method and Mie theory is adopted, which can not only extend the
applicable range of the approximation method but also improve the speed
of the whole retrieval. Both simulations and experimental results show
the method can be successfully applied to the retrieval of PSD when the
refractive index is within the validity range. By using this method, we
find the complexity and computation time of the retrieval are significantly
reduced, and the memory resources can also be saved effectively. Thus all
of these factors make the method more suitable for realization of on-line
particle sizing.

Fast retrieval of particle size distribution (PSD) is very
important in many practical applications. Among the
measuring methods, the spectral extinction technique is
very promising because it only requires a simple optical
layout and a commercial spectrophotometer [1-3].

In the spectral extinction technique, how to calculate the
extinction efficiency quickly and accurately is a critical
issue which affects the accuracy and rapidity of the whole
retrieval. Traditional retrieval practice is based on
extinction efficiency calculated by the rigorous Mie theory.
However, its calculation is difficult and time consuming, in
particular, the computation time is dramatically increased
with increasing range or subintervals of the particle
diameters [4]. Therefore, it is highly desirable to apply a
simple and accurate approximation method to retrieve PSD
over a relatively wider applicable range.

In this paper, the generalized eikonal approximation
(GEA), used as an alternative to the rigorous Mie theory is
introduced for retrieval of PSD in a spectral extinction
technique. To compute the extinction efficiency accurately,

the combination of Mie theory and GEA method is adopted.

Within the framework of a combined approximate method,
the accuracy and limitations of retrieval are then
investigated in an independent model.

Consider a beam of monochromatic light of intensity I,
traveling through a suspension of small particles. In the
absence of multiple scattering, the transmitted light
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intensity I is given by [5]:
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where (1/1p),; is the extinction value. L and N are the optical
path length and total number of particles, respectively; s is
the number of wavelengths; Qe(%i,m,D) is the extinction
efficiency; f(D) is the unknown PSD volume frequency
distribution function to be retrieved.

The GEA method can be employed to study the light
scattering of arbitrarily shaped particles at small scattering
angles. The method is to generalize the linear propagator in
the eikonal approximation (EA) by adding two adjustable
parameters, which compensate for the phase change and
edge effect neglected in the EA method [6, 7]. The
extinction efficiency for a spherical particle is:
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coefficients of two edge effect terms which are determined
by matching the values of extinction efficiency and
imaginary part of scattering amplitude at large size
parameter x and at the first maxima [7].

The GEA method considers the phase change and edge
effect in the whole diameter region, while the edge effect
should be negligible for small particles. In order to reduce
errors as well as ensure the rapidity of the whole retrieval,
in this paper, the combination of Mie theory and GEA
method is applied to calculate the extinction efficiency.
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Figure 1 shows a comparison of extinction efficiency
calculated by the Mie theory and combined approximate
method. From these figures, the extinction efficiency
calculated by the combined approximate method contains
the correct geometrical optical limit and the right extreme
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points. The maximum relative error of the combined
approximate method is significantly reduced compared
with the original GEA method.
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Fig. 1. Comparison of extinction efficiency of some common and extreme

particles by the exact Mie theory and combined approximation method at
7=0.6328um.

For common particles, the extinction efficiency
calculated by the combined approximate method can fit the
exact Mie extinction efficiency everywhere in the whole
diameter region. When an imaginary part of the refractive
index is relatively larger [Fig. 1(d)], because of less
oscillation characteristics, smaller differences between
different wavelengths makes it hard to retrieve PSD in the
spectral extinction technique. When the real part of the
refractive index is larger [Fig. 1(f)], the ripple structures
become much more pronounced and there are larger
discrepancies. To guarantee the accuracy for subsequent
retrieval of PSD, the range of the refractive index in this
paper is limited to 1.0<m<3.5, 0<m;<2.0, which basically
covers the most common natural and artificial particles.

The main objective of this paper is to show that the
combined approximate method can be alternatively applied
to retrieval of PSD in the independent model. We do not
address the comparison of different inversion methods.
Here, we adopt the combination of the Philips-Twomey
regularization and non-negative least squares (PT-NNLS)
approach as the inversion method [8].
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The retrieved PSD function f(D) can be given as
f=(ATA+H)A'E (4)
where E=[E,E,-E]", E=In[I(4)/1,(4)]; A is the weigh
matrix about extinction efficiency calculated by the
proposed method; H is the covariance matrix. The
regularization parameter y can be estimated by the

Generalized Cross-Validation (GCV) technique which
meets the minimization of the following objective function:

1 2
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where K(y)=A(A"A+H)"A" is the influence matrix and | is

the identity matrix.

First, the validity of the method in retrieving PSD is
verified through computer simulation. The diameter D is
limited in the range of 0.1-10.0um. The unimodal and
bimodal Rosin-Rammler (R-R) functions are used as the
preset PSD functions, which can be defined as:
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where D,k,D,k,D,k,,n are the characteristic parameters,

0<n<1l.

Figure 2 shows the retrieval results of narrow and broad
unimodal band distribution. 17 wavelengths of 0.4-2.0um
are randomly selected in the visible-near-infrared spectrum
region. Numerical integration is carried out using a simple
trapezoidal quadrature method and the discretization step is
0.2um. Fig.3 shows the retrieval results of bimodal R-R
distribution. The discretization step is still 0.2um but 23
wavelengths are selected in this case.
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Fig. 2. Retrieval results of unimodal R-R distribution in the framework of
approximate method(m=1.33+0i): (a) (D ,k)=(3.0,7.5) (b)
(D k)=(6.8,3.9).
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In these figures, the retrieval results for a narrow and
broad band and bimodal distribution, whose peaks differ
evidently in diameter [Fig. 3(a)], can be considered
satisfactorily, despite weak artifact peaks and a slight
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tendency for tails in Fig. 2(a) and Fig. 3(a). While for the
bimodal distribution whose peaks are similar in diameter
[Fig. 3 (b)], the positions of two peaks can be reconstructed
correctly. But there are large discrepancies in height and
width of the two peaks. Meanwhile, the third artifact peak
appears with 3% random noise added.

o

0.12 ~preset value (b) ~preset value
—retrieval (t0%noise) o8 —retrieval(t0%noise)
Ol -retrieval(t3%noise)

~retrieval(t3%noise)

=
g
=

=

R
=
B

=
B

=
8

Volume frequency distributionAD)
=
E = s
=4

Volume frequency distribution,
=
=4
=4

o

3 45 6 1 8 910

T2 s 6 7 5o 1 2 3
iameter D(jm) Diameter D(pm)

Diameter D\
Fig. 3. Retrieval results of bimodal R-R distribution by using
approximate method (m=1.33+0i).

(@) (D1 .k1, D2,k2,n)=(1.5,6.0,6.5,11.0,0.3)

(b) (D1 Kk, D2 k2,n))=(3.0,5.5,6.9,7.5,0.5).

We also examine the retrieval time on an Intel Pentium
2.8GHz PC. The whole retrieval process of Fig. 2, for
example, by using the combined approximate method
consumes about 1.6s. Under the same computational
conditions, the retrieval time by using the Mie theory is
about 74.7s. The retrieval time by using the combined
approximate method is significantly reduced compared
with the Mie theory. The savings in time and memory
resources are important for on-line measurement.

IS le
a.mp. .o,
.

.
L J
Collimating system : ¢ 0.' Ap’BemspﬁtMgspr
.
.

Detector ‘

Light source

L
*s "
l.. "

]

.

Fig. 4. Schematic of measurement system.

Last, the validity of the method in retrieving PSD is
further verified through reference material. The schematic
of the measurement system is shown in Fig. 4. A halogen
lamp is used as a light source which gives a spectrum from
0.3 to 2.4um. By means of a beam splitting system, nine
wavelengths in the range of 0.38-0.78um are picked out
from the light source and used to make extinction
measurements. The experiment for each wavelength
consists of two steps. The first step is to detect the spectrum
of transmitted light intensity in absence of particles, and the
second step is to detect the spectrum of transmitted light
intensity with the particles filled. The extinction values of
different wavelengths are obtained by comparing the
spectrum of the two steps. To prevent the sedimentation of
particles in a suspension, a stirrer is also used.
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The standard monodisperse spherical polystyrene
samples with labeled diameter D=1.98um are dispersed in
water whose relative refractive index is m=1.235. Relevant
experimental results are shown in Fig. 5. The Sauter mean
diameters D3, obtained by the two methods are 2.029um
and 2.058um, respectively. The relative errors with the
labeled value are 6.9% and 7.3%, respectively. The
diameters retrieved by the two methods are all close to the
labeled one. Discrepancies of the diameter satisfy the
demand of standard monodisperse polystyrene particles.
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Fig. 5. Relevant experimental results: (a) relationship of incident
wavelength and light intensity, and (b) retrieval results of standard
polystyrene particle in the framework of Mie theory and approximate

method.

In summary, the combined approximate method can be
used as an alternative to the rigorous Mie theory for
retrieval of PSD in the independent model. Within the
framework of a combined approximate method, the
retrieval time can be significantly reduced. The reliability
and rapidity of retrieval is important for on-line
measurement. There is still a lot of work to be done. The
approximation method for fast retrieval of non-spherical
particle size distribution will be investigated in further
studies.
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